A linear (given potential) steady-state Wigner equation is considered in conjunction with inflow boundary conditions and relaxation-time terms. A brief review of the use of inflow conditions in the classical case is also discussed. An analytic expansion of solutions is shown and a recursion relation derived for the given problem under certain regularity assumptions on the given inflow data. The uniqueness of the physical current of the solutions is shown and a brief discussion of the lack of charge conservation associated with the relaxation-time is given.
INTRODUCTION
In the development of various types of semiconductor devices, the crucial information needed by the design engineer is the/-V curve, i.e., the current flowing through the device as a function of the applied voltage. Typically, such devices are nonohmic and can, in fact, exhibit negative differential resistance, i.e., as the voltage increases through a certain range, the current can decrease (cf. Fig. 1 , ef. [1] ).
During the past decade, interest in quantum semi-conductors has been particularly intense due to the development of devices which depend upon quantum phenomena for their operation (e.g., resonance-tunneling diodes) [1, 2] as well as to the emergence of microscopic devices (e.g., "quantum dots") [3] in which quantum mechanics enters due to the omnipresence of boundaries.
To deal with quantum semi-conductors a popular approach has been the Wigner equation (WE) or, more generally, the Wigner-Poisson (WP) system of equations [4] . WE refers to a linear system, i.e., with a given potential, while WP involves a selfconsistent Coulomb force. These systems may be considered quantum versions of the classical Vlasov transport equation (or Vlasov-Poisson system in the nonlinear case).
Many studies of WP have been carried out for the whole space [5, 6] . But for modeling semi-conductors, one must deal with finite geometry, and hence the problem of boundary conditions must be *Corresponding author. faced. Periodic boundary conditions were considered in Ref. [7] . (See the bibliography there for further references).
Since the Wigner equation is supposed to be simply a reformulation of quantum mechanics as expressed by the Schr6dinger equation [4] , one would expect that the appropriate boundary conditions for the former should be those induced, through the definition of the Wigner function, by self-adjoint boundary conditions on the quantum hamiltonian. Examples of such boundary conditions are Floquet ((x + 1) eiC@(x), ct [);
Neumann and Dirichlet. (Note c 0 in the Floquet case corresponds to the periodic boundary conditions mentioned earlier).
None of these conditions, for one reason or another, can be lifted satisfactorily to the Wigner equation (see Ref. [8] for a complete discussion); thus something else must be sought, for example the inflow conditions used in Refs. [1] and [2] . A modified version of the inflow conditions, socalled absorbing boundary conditions [9, 10, 11] are sometimes used to avoid specious reflections at boundaries, but such conditions will not be considered here. To try to understand the (nonquantum) origin of inflow conditions, recall [4] the formula connecting the Wigner function w(x, v, t) with the Schr6dinger wave-function (in the onedimensional case):
(See also [4] for the definition of the Wigner transform of an operator A). Inflow conditions at x 0 (specification of w(0, v, t) for v > 0) arise from a pure incoming wave w+(v)eivxdv, v > 0 for all x, not solely for x < 0. So inflow conditions are definitely non-quantum.
Nonetheless we have decided to use the inflow conditions [9] . These, common in transport theory, specify the incoming distribution of particles at free surfaces. We take the point of view that the Wigner equation is an entity unto itself separately from its origin in the Schr6dinger equation, and seek to determine whether or not it is well-posed with inflow conditions. In Ref. [12] this problem was treated for the time-dependent case, with homogeneous inflow conditions, while in Ref. [13] the existence of unique mild solutions for the time-dependent nonlinear equation with inhomogeneous inflow data was proved for a crystal lattice with the velocity restricted to the first Brillouin Zone. In Ref. [14] , existence of solutions to the nonlinear Schr6dinger equation is proved for scattering states. A "cutoff" Wigner function is then defined which, in the h ---, 0 limit, is shown to tend (in the sense of distributions) to the solution of the stationary Vlasov equation with inflow boundary conditions.
In this paper, we consider the linear timedependent and stationary equations (with emphasis on the latter) for both bounded and unbounded velocity domains.
In order to help clarify the situation for WE, we begin (in Section II) with a brief discussion of the classical linear Vlasov equation (VE), and continue with the non-stationary WE in Section III. Adopting a relaxation-time model [15] for the time-dependent equation, we are able to show exponential decay to a solution of the stationary equation. In Section III, we discuss solutions of the stationary WE; they are known to exist, and they are called BGK modes [16] in the case of VE, and QBGK modes for WE [17] . They are not unique. In fact, the non-uniqueness corresponds to "trapped particles" in the classical case [18] and the analogue thereof in the quantum case (bound states). We have been able to prove the existence of a weak solution for the stationary equation with inflow boundary conditions, but the current may not be defined unless the solution possesses sufficient additional regularity in which case the current exists and is constant. If we restrict our INFLOW BOUNDARY CONDITIONS 387 attention to the first Brillouin Zone, as in Ref. [13] , we obtain strong solutions and unique existence of the current. In the Appendix we discuss some deficiencies of the relaxation time model and discuss a better model. We hope eventually to detail results for VP and WP similar to those presented here. In fact, it is not even obvious that the linear Wigner equation has any advantage over the ordinary Schr6dinger theory, so this paper might be considered a first step toward dealing with the (nonlinear) WP system.
REMARKS ON THE LINEAR VLASOV EQUATION
Henceforth we restrict our attention to one-dimensional systems as representing reasonable models of most semiconductor devices. Our remarks on the VE problem are motivated by the fact that we use some similar ideas for the Wigner equation Ofo (x, + V'(x) Ofo -o, (2.2) with f0 L2([0, 1] x Nv). Arnold [15] has already noted that f0 should be position-dependent. In the solid-state physics literature [19] (and in Ref. [9] )f0 is taken constant in space. Equation 
Assuming sufficient regularity, for instance strong solutions which lie in the domain of the linear operator 0 0 (2. 2) which determine the solution uniquely on the non-periodic orbits originating from the inflow data. On the periodic characteristics, any function of the energy with sufficient regularity and compact support is a solution. These periodic solutions represent "trapped particles" [18] and are independent of the inflow. The solution is unique modulo these trapped particle solutions. (2.9) the current is constant. Now take two different (2) solutions with the same inflow data, f l) and f 0 Then
THE WIGNER EQUATION
The equation we deal with is [4, 5, 6] of (x
fo _fl) -fo satisfies (2.2) with zero inflow. Multiply by f0 and
Since both terms are non-negative (by the zero inflow condition) both vanish. Thus, for example,
and since the current is constant, the proposition follows.
The above proof makes it clear that the current can be calculated from the solution for v > 0). . As is pointed out in Ref. [13] , defining the density (and, we should mention, the current) in Case is "a major problem since L estimate is usually not available." While this statement refers to the nonlinear problem, it appears to be equally valid for the linear case.
The definition of the pseudo-differential operator (V) is, for Case 1,
while for Case 2 it is defined as in Eq. (1.10) of Ref. [13] . Note that the potential must be extended beyond the interval [0, 1] for (3.2) to make sense. Analogously to Section II, in (3.1)f0 is taken to be a solution of the stationary Wigner equation [7] , the momentum was quantized due to the periodic boundary conditions. In the present, inflow, case no quantization is indicated, again verifying that our model, which does not derive from self-adjoint boundary conditions on a quantum hamiltonian, is at best quasi-classical [8] . The following results are formulated for Case 1, but are equally valid for Case 2, with Nv replaced by B. A strong solution of (3.1) is Proof Assume, by way of contradiction, that there are two solutions fl and f2 with the same data, and set f fl -f2. Then We seek solutions of (3. 
with v(Ofp/Ox) E X. We note that fp fo solves The boundedness follows from the fact that the right hand side of this equation is independent of t, and that the second term on the left side is nonnegative. This immediately implies the asymptotic result.
The above propositions have verified the following. As pointed out earlier, these results all hold also in the (Brillouin) Case 2, if X is replaced by XB L 2 ([0, 1 with real coefficients cn. To obtain a solution to our problem, it is necessary to find coefficients such that the series converges (in X) and the inflow boundary conditions are fulfilled.
We begin by computing [H]w. This is done as follows. We first recall the formula [21] for all a > 0, and <_ p <_ x. Proof The proof proceeds as in Proposition 4.7 for the boundary at x 1. Then f0 is constructed by joining the two solutions.
We denote by B + the sets of {v B v 0}, where we recall B is the first Brillouin zone. The following theorems apply to Case 2 only.
